1 algebraic Riemann mapping theorem of the first two authors [HJ] . (See also [BER1] [Hu] for a detailed list of references).
Our approach uses CR holomorphic invariant functions. For any strongly pseudoconvex real analytic hypersurface M ⊂ C 2 , we have a projective structure bundle Y associated with it [Ch] [Fa], which will further be parametrized locally by 8 complex variables: (z, w, p, u, u 
Using the curvature functions L 11 and P 11 , we will derive the following Cartan-type holomorphic invariant functions on Y (see Lemma 4.1 for the explanation of notations):
, L 11 ω 1 , P 11,ω 1 , P 11,ω 1 .
In case M is rigid, we will show that these seven invariant functions depend only on the variables (z, p, u, u 1 1 , u 1 , v 1 ). Hence, they would be generically functionally dependent. If M would be locally biholomorphically equivalent to a certain real algebraic hypersurface, there would exist a non-zero polynomial R such that
11 ω 1 , P 11 , P 11,ω 1 , P 11,ω 1 ≡ 0.
Finally when M is in the specific form as in Theorem 1.1, we will get a contradiction to the existence of such an R.
dζ, dη), and A ∩ B is generated by θ = ∂r ∂z dz + ∂r ∂w dw. If M ⊂ C 2 is biholomorphic to another real analytic hypersurface M ⊂ C 2 , namely, if there is a local biholomorphism F = (f, g) from an open subset of C 2 onto an open subset of C 2 such that its restriction
it induces a local G-isomorphism from the Segre family M of M to the associated Segre family M of M , through the map (z, w, ζ, η) → (f (z, w), g(z, w), f(ζ, η), g(ζ, η) (z, w, ζ, η) .
Here we may regard (z, w, ζ) as a local coordinates system for M, and use (z, w, p) as the local coordinates system for M with p = − r z r w
. We can define a unique admissible G-structure bundle over M to make S a G-isomorphism, by assigning its coframe along M as follows:
(2.2) θ = dw − pdz, θ 1 = dz, θ 1 = dp − p 11 dz where p 11 (z, w, p) is holomorphic so that S * (θ 1 ) is in the span of dζ and
dw. Since
are in the form of
where u, u 
Here the functions L 11 , P 11 , H 1 and K 1 are called CR curvature functions. If we denote 
Moreover, the CR curvature functions are given by 
∂u ,
Proof of Theorem 3.1: These forms are constructed by applying a similar but complicated process for getting (2.4) as in [CM] [Ch] . Here, for convenience of the reader, we verify, in a certain details, that the connection forms constructed satisfy the structure equations in (2.4). This is good enough to complete the proof of the theorem, by the uniqueness property of connection forms.
For simplicity, we write
where A 1 , A, B 1 , B, C, C 1 and C 1 denote the corresponding coefficients in the formulas.
It is easy to see that the first three equations in (2.4) hold. Let us first verify the fourth identity in (2.4). In fact
Next we verify the fifth identity in (2.4):
We check the sixth identity Φ 1 = L 11 ω ∧ ω 1 in (2.4) as follows.
We continue to check the seventh identity Φ 1 = P 11 ω ∧ ω 1 in (2.4).
∂p∂w ω
∂p 2 ∂w ω
∂p 3 dp 11 ∧ ω
Finally, we verify the last equation in (2.4). Taking differential on the fifth equation of (2.4), Φ 1 1 = 0, we obtain
Taking differential on the sixth equation of (2.4): Φ 1 = L 11 ω ∧ ω 1 , we get χ = 0, and 
ω, dp = iu
Applying the formulas in Theorem 3.1, we then also see:
Now, to conclude the proof of the lemma, it suffices to substitute the above to dh = ∂h ∂z dz + ∂h ∂p dp
. Calculation of invariant functions
For any differentiable function h on the projective bundle Y, there is a unique representation for its differential dh into the covariant differentials in term of the connection forms in Theorem 3.1:
Using the CR curvature functions L 11 and P 11 defined in Theorem 3.1, we can get 5 more invariant holomorphic functions from their first and second covariant differentials:
Notice that when r is Nash algebraic, all these holomorphic invariant functions become algebraic too, by the way they were constructed from the defining function.
Lemma 4.1 Let M be defined as in Theorem 1.1. Then we have the following formulas for the above invariant functions:
u 5 e 3zζ (1 + zζ) 7 ,
Now applying Theorem 3.1 and the above data, we get Hence, applying the data we just obtained, we can get
Applying the just obtained formulas for L 11 , P 11 , we have
48u 3 e 3zζ (1 + zζ) 9 ,
96iu 3 e 4zζ (1 + zζ) 9 ,
24u 3 e 3zζ (1 + zζ) 7 ,
48u 3 e 3zζ (1 + zζ) 9 , 
We next use Lemma 3.2 to compute some covariant derivatives of L 11 and P 11 . We have ¿From the above calculation and applying the formulas in (4.7a) − (4.7e), it is clear that
) and C j = 0. Indeed, a tedious see that these 7 invariant functions are only decided by 6 variables (z, p, u, u 1 1 , u 1 , v 1 ), by the formulas in Lemma 4.1. Let k be the generic rank of the map:
Then k ≤ 6. Assume without loss of generality, that the maximally independent set is
(Indeed, by a tedious calculation, it can be shown that k = 6 and the last 6 invariant functions are generically independent.) Then, for a generic point A ∈ Y whose projection is sufficiently close to a, there is a unique holomorphic function
Notice this Λ a is also intrinsically defined.
Since we assumed that (M, a) is CR isomorphic to some real algebraic hypersurface M ⊂ C 2 , it implies that Λ A can also be derived in the same manner from an algebraic hypersurface and thus must be algebraic as observed in the beginning of §4 and §5. Hence, there exists a nonconstant polynomial R such that
We next show that such R ≡ constant to get a contradiction. It should be noticed that apriori, (5.1) is only known to hold on a certainly open subset. However, by the holomorphic continuation and using the formulas in Lemma 4.1, it is clear that (5.1) holds for any u, u
(5.1) can be written as
Suppose that i 1 is the biggest integer such that C mnαβµsτ = 0 for some m + n = i 1 , and non-negative integers α, β, µ, s, τ . We remark that the left hand side of (5.2) is a polynomial in v 1 , u 1 , by the formulas in Lemma 4.1. Since the only terms containing v 1 are L 11 ω 1 and P 11,ω 1 , by considering the highest v 1 -power terms in (5.2), we can conclude
Suppose that i 2 is the biggest integer such that C mnαβµsτ = 0 for some m + n = i 2 , α + β + µ = i 2 , and non-negative integers s, τ . And suppose that µ 0 is the biggest possible integer such that C mnαβµ 0 sτ = 0 for some m + n = i 1 , α + β + µ 0 = i 2 , and non-negative integers s, τ .
Since the only terms containing u 1 are L 
Using the formulas for L 11 and P 11 , we get from (5.4) (5.5)
Observe that in the summation (5.5), i 1 , i 2 , µ 0 are fixed. Deleting the common factors 4m + 4α + 2s − 2τ = λ 1 , 2m + 2α + 3s + τ = λ 2 , 2m + 3s + τ = λ 3 ,
We have (5.8a) s = 1/2λ 2 − 1/4λ 1 − τ, m = −τ + 1/2λ 3 − 3/2s, α = 1/2λ 2 + 1/2λ 1 − m.
Notice that the basic property of the exponential function also indicates that 
